We study, by means of the density-matrix renormalization group (DMRG) technique, the evolution of the ground state in a one-dimensional topological insulator, from the non-interacting to the strongly-interacting limit, where the system can be mapped onto a topological Kondo-insulator model. We focus on a toy model Hamiltonian (i.e., the interacting "sp-ladder" model), which could be experimentally realized in optical lattices with higher orbitals loaded with ultra-cold fermionic atoms. Our goal is to shed light on the emergence of the strongly-interacting ground state and its topological classification as the Hubbard-U interaction parameter of the model is increased. Our numerical results show that the ground state can be generically classified as a symmetry-protected topological phase of the Haldane-type, even in the non-interacting case U = 0 where the system can be additionally classified as a time-reversal Z2-topological insulator, and evolves adiabatically between the non-interacting and strongly interacting limits.
Introduction. The search for novel states of matter with nontrivial topology has become an exciting pursuit in condensed matter physics [1] [2] [3] [4] , and have opened a promising new path towards fault-tolerant quantum computation [5] . An important theoretical progress has been made in recent years with a complete classification of insulating/superconducting topological free-fermion systems in terms of dimensionality and global symmetries of the Hamiltonian [6] [7] [8] . However, a key open question is how to extend this classification to interacting phases. For instance, it has been shown recently that in one spatial dimension (1D) interactions can completely modify the free-fermion topological classification [9, 10] .
Topological Kondo insulators (TKIs) are a particular class of strongly-interacting heavy-fermion materials where this question naturally appears [11] [12] [13] . In Refs. [11] [12] [13] , it was suggested that samarium hexaboride (SmB 6 ), a narrow-gap Kondo insulator known for more than 40 years, should be reinterpreted as a TKI, generating a great deal of excitement. However, despite the existence of supporting evidence for the TKI scenario [14] [15] [16] [17] , the nature of the insulating state of SmB 6 has recently been put under debate [18] [19] [20] [21] , and more theoretical and experimental work is needed to fully understand it.
From a different perspective, atomic, molecular and optical (AMO) systems have become an important tool to study strongly-correlated topological phases, thanks to the recent progress in experimental techniques. In particular, cold atoms loaded into higher-orbital optical lattices with nontrivial band-structure topology have opened a new front in the pursuit of novel phases of matter, both from the theoretical [22] [23] [24] [25] [26] and the experimental [27] [28] [29] [30] point of view. The topology of p-orbital bands combined with interaction effects leads to interesting physical systems [31] , among which a predicted "Chern Kondo insulating" phase in 2D optical lattices [26] , and robust topological states in strongly interacting ladder-like optical lattices in 1D [25] , could be relevant to understand the nature of the insulating state of TKIs.
As an attempt to better understand the properties of bulk TKIs, Alexandrov and Coleman proposed recently a 1D toy-model for a TKI (i.e., a "p-wave" KondoHeisenberg lattice) [32] . Analyzing the symmetries of this model in the mean-field approximation, these authors argued that it should be classified as a class-D insulator, according to the free-fermion topological classes [6] [7] [8] . Soon after, using Abelian bosonization, density matrix renormalization group (DMRG), and quantum Monte Carlo techniques, the ground state of 1DTKIs was identified as a Haldane-type insulating phase [33] [34] [35] [36] [37] , which has no evident connection to the non-interacting topological classes of Refs. [6] [7] [8] . This result came as a surprise, as the Haldane phase is a paradigmatic topological phase in one dimension, originally associated to the spin-1 antiferromagnetic chain, and is the simplest example of a symmetry-protected topological (SPT) phase [38] [39] [40] [41] [42] . More importantly, the results in Ref. [33] [34] [35] [36] [37] put in evidence the risk of using mean-field approaches to interpret the properties of strongly-interacting topological phases.
Motivated by these developments, in this work we study, by means of the DMRG technique, the effect of correlations on (an otherwise non-interacting) 1D Z 2 -topological band insulator, the 1D "sp−ladder" model (see Fig. 1 ). Specifically, we study the evolution of its ground state from the non-interacting to the stronglyinteracting limit, where the model can be mapped onto the "p-wave" Kondo-Heisenberg model, and supports a Haldane-type ground state. We compute the entanglement entropy, entanglement spectrum, and the stringorder parameter of the system, which are quantities typically used to characterize the Haldane phase [41, 42] , as our interaction parameter (i.e., a local Hubbard-U parameter) is continuously varied. In addition, we compute the charge-and spin-excitation gaps, and the charge and spin profiles of the topologically-protected end states as a funcion of U . Our results show an adiabatic evolution of all ground-state properties as the interaction parameter U is increased, and the absence of topological quantum phase transitions (TQPT), suggesting that the ground state can be generically classified as a symmetry-protected topological phase (SPT) of the Haldane-type, even in the non-interacting case U = 0 where the system can be additionally classified as a timereversal Z 2 -topological insulator. This finding is surprising, as these two ground states are usually considered to be qualitatively different, and naively a TQPT separating these phases could be expected. Our results are in stark contrast to the situation usually found in higherdimensional TKIs, where the interaction U destabilizes the non-interacting topological phase and induces gapclosing TQPTs at critical values of U separating topologically distinct phases [11, 12, 26, 43, 44] . Moreover, our conclusions differ from recent related studies performed on the same model using projective quantum Monte Carlo techniques [37] , where the authors conclude that the interaction U breaks the adiabatic continuity of the groundstate, despite the fact that their numerical results are consistent with ours.
Theoretical model. Let us consider, for concreteness, ultracold fermions (for instance, 6 Li or 40 K) loaded into the optical lattice of Fig. 1(a) . This situation could be achieved by means of the 2D laser potential [25] . In that limit, the system can be described as a collection of asymmetric double-wells forming two-leg ladders in thex direction, with relative depth of the two wells controlled by the phase φ. We will focus on the case where the s orbitals in one leg and the p x orbitals in the other leg are roughly degenerate. Assumming orbitals well localized at the minima of the potential, we truncate all other states in the description, and focus on the single-ladder diagram of Fig. 1(b) . It can be seen that, due to their different parity, the direct overlap between s and p x orbitals on the same rung j vanishes, i.e., s jσ |p jσ = 0, while the overlap between next nearest-neighbor in different chains has p−wave symmetry, i.e., s jσ |p j+1σ = − s jσ |p j−1σ [hence the different sign of the inter-chain hopping t sp in Fig.1(b) ].
We therefore model an interacting open-end sp−ladder with L sites (i.e., rungs) as
σ s † jσ s j+1σ + H.c. and
The operator s jσ (p jσ ) annihilates a fermion with spin projection σ in the s (p x ) orbital at rung j, and n s(p) jσ is the corresponding number operator. To account for the topological protected edge states, we consider open boundary conditions. Finally, the Hubbard interaction
, which can be physically produced and controlled in a cold-fermion setup via Feshbach resonances, is assumed to exist only in the s−orbitals, as we eventually want to make contact with the physics of strongly-interacting Kondo insulators.
This model is closely related to the (interacting) Shockely-Tamm [45, 46] or Creutz-Hubbard ladder [47, 48] models, and is such that when U = 0 it describes a time-reversal invariant Z 2 -topological band-insulator [1, 37] , and when U t s , t sp it can be mapped via a canonical transformation onto the 1D p−wave KondoHeisenberg model, with Kondo and Heisenberg exchange couplings J K = 8t 2 sp /U and J K = 4t 2 s /U , respectively, and where the ground state is a SPT phase of the Haldane type [34] . In what follows, t s will be the unit of energies.
We now focus on the ground-state properties of H at, or near to, half-filling, i.e., when there are N = 2L fermions in the system. For U = 0, the topological features can be easily understood in the "flat-band" case t s = t p = t sp = t, where H can be written in terms
as H flat = 2t
The topologically-protected edgemodes in this representation are particularly simple, corresponding to the operators γ α,σ (with subindex α = {+, 1} or α = {−, L}), which drop from the Hamiltonian and therefore correspond to zero-energy modes completely localized at the ends [25, 47, 49] . In that case, we expect four degenerate states per end (e.g., the states|0 α , |↑ α , |↓ α , and |↑↓ α generated by the application of γ † α↑ and γ † α↓ ). When U is turned on, this 4-fold degeneracy is locally split due to the on-site repulsion, and the states |0 α , |↑↓ α become excited states while |↑ α , |↓ α span the ground state.
DMRG results. Following standard DMRG procedures [50] , we have implemented the Hamiltonian H with open boundary conditions, keeping m = 600 states on every DMRG iteration, which leads to a truncation error less than O 10 −9 and to numerical errors in the subsequent figures much smaller than symbol size.
As shown in seminal works [10, 41, 42, 51, 52] , the entanglement entropy and entanglement spectrum can be used to characterize SPT phases, such as the Haldane phase. In particular, it was shown that the Haldane phase is characterized by an even-degenerate entanglement spectrum [41] . The entanglement spectrum is obtained calculating the eigenvalues Λ i of the reduced density-matrix of the systemρ L/2 , obtained tracing out one half of the system, and the corresponding entanglement (or von Neumann) entropy is s (L/2) = −Tr ρ L/2 lnρ L/2 = − i Λ i ln Λ i [53] . A crucial observation is that the degeneracy of the entanglement spectrum in a SPT phase cannot change without a bulk phase transition, where the nature of the ground state must change abruptly or where the correlation length must diverge due to the closure of a bulk gap [10] . Moreover, the occurrence of a gap-closing TQPT separating topologically distinct phases should be accompanied by a logarithmic divergence of the entanglement entropy s (L/2) ∼ k ln (L) + const at the critical point [53] .
In order to investigate for the existence of a bulk TQPT, we have computed: (a) the entanglement spectrum, (b) the entanglement entropy, (c) the charge-and spin-excitation gaps, and (d) the string order parameter of sp−ladders ranging from L = 20 to 80, total number of fermions N = N ↑ + N ↓ , and total spin projection
Unless otherwise stated, we have used the parameters t p /t s = π/10, t sp /t s = 1, in order to recover the results obtained for the p-wave KondoHeisenberg model studied in Ref. [34] when U → ∞. In Fig. 2(a) we show the evolution of the largest eigenvalues Λ i of the entanglement spectrum and in Fig.  2 
, respectively, where E 0 (S z , N ) is the energy of the ground state |ψ 0 (S z , N ) , are shown in Fig. 2(c) , where we have extracted the values of ∆ c (L) and ∆ s (L) in the thermodynamic limit L → ∞ by the means of a finite-size scaling.
All of our results show a smooth and continuous evolution as U is varied, without any signature of a TQPT as the system size is increased. In particular, the evendegenerate character of the entanglement spectrum is preserved [see Fig. 2(a) ], despite the continuous breaking of the degeneracy existing at U = 0 into two branches, presumably corresponding to lower-lying spin and higherlying charge degrees of freedom. This is substantiated by the behavior of ∆ c (L) and ∆ s (L) shown in Fig. 2(c) , where the degeneracy of the charge and spin sectors at U = 0 is broken in a continuous fashion, and excitations become fractionalized into low-lying spin and high-lying charge excitations. The entanglement entropy s (L/2), shown in Fig. 2(b) , does not present any divergence as the system size increases, and is bounded from below by s min = ln (2) 0.693, the entropy of the AffleckKennedy-Lieb-Tasaki (AKLT) state corresponding to the 2 degenerate end-states |↑ , |↓ [41] . At U = 0, a similar lower-bound is given by the flat-band state, i.e., s min = ln (4) 1.386, related to the 4 aforementioned degenerate end states.
In order to further clarify the crossover, we have calculated the string correlator
, a non-local quantity that characterizes the breaking of the Z 2 × Z 2 hidden symmetry of the Haldane phase [40] . In Fig. 2(d) we plot . We now turn to the evolution of the topologically protected end-states. We focus on the spatial spin profile, defined as T a jν the spin-density of afermions (a = {s, p}), and σ µ,ν the vector of Pauli matrices (summation over repeated spin indices is implicit here). Invoking the SU (2) spin-symmetry of the model, in what follows we will only compute the numerically simpler z-component. Similarly, we define the (difference in the) spatial charge profile as
is the total charge operator on rung j, and where we have substracted the uniform background at half-filling n 0 = N/L = 2. In Fig.3(a) and (b) we plot T z j and ∆n j for different values of U at half filling N = 2L, and for different S z subspaces compatible with this filling (i.e., S z = 0 and S z = ±1). Note that we only show the profiles at the left end. Since the quantum numbers S z and N must be specified in the DMRG calculation, one must be careful in the interpretation of the profiles at U = 0, due to the 4-fold degeneracy. For S z = 0, the DMRG procedure selects a ground state with a holon and a doublon end-state (i.e., either |0 L ⊗ | ↑↓ R or | ↑↓ L ⊗ |0 R ), which has a vanishing spin profile [see light blue circles in Figs. 3(a) and (b) ]. However, for S z = +1, the end-state combination | ↑ L ⊗ | ↑ R , which has free spin-1/2 end-states but a uniform charge profile [see green crosses in Figs. 3(a) and (b) ], is selected in the ground state [54] . However, our results are fully consistent with the presence of free-fermion end-states of a finite Z 2 topological insulator. Interestingly, as soon as the interaction U is turned on (see violet square symbols corresponding to U/t s = 0.1), due to the higher energy of charge excitations, the charge profile "freezes" into the uniform configuration n j = n 0 = 2, or equivalently ∆n j = 0, which is physically consistent with the adiabatic emergence of a Mott-insulating state at half-filling [33, 34] . The only surviving end-state at finite U is therefore the spin end-state, which continuously crosses-over into the usual Haldane spin-1/2 end-states [40] .
The adiabatic evolution of the ground state described here could be ideally tested in ultracold 6 Li or 40 K gases, using recent fermionic "quantum-gas microscopes", which allow to obtain the full spin and charge density distributions with single-atom resolution [55] [56] [57] [58] [59] . Thanks to their high-resolution, such techniques have been used recently to extract non-local correlation functions, such as the string-correlation function, in balanced spin-mixtures of 6 Li atoms trapped in an asymmetric 2D optical lattice simulating a 1D Fermi-Hubbard model [60] , and could potentially be used to probe their evolution as the interaction parameter is varied using Feshbach resonances.
Conclusions. Our work sheds light on the conceptually relevant question of the classification of stronglyinteracting topological phases and their connection to the free-fermion topological classes. Based on the evendegeneracy of the entanglement spectrum for all values of the interaction U , we conclude that the ground state of the system can be generically classified as a SPT Haldane-type phase, even in the non-interacting case U = 0, where the system additionally admits the usual classification as a non-interacting time-reversal Z 2 -topological insulator [1] . We hope our work will trigger more theoretical and experimental research in this direction.
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